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Abstract
We discuss a new formalism for constructing a non-relativistic (NR) theory in curved back-
ground. Named as galilean gauge theory, it is based on gauging the global galilean symmetry. It
provides a systematic algorithm for obtaining the covariant curved space time generalisation of
any NR theory defined in flat space time. The resulting background is just the Newton- Cartan
manifold. The example of NR free particle is explicitly demonstrated.
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1 Introduction
The formulation of nonrelativistic (NR) theories in a gravitational background has received consid-
erable attention recently. It has found applications in holography, condensed matter systems, fluid
dynamics, cosmology and other realted phenomena [1, 2, 3, 4]. This formulation is tricky and markedly
different from the relativistic case. The lack of a single non-degenerate metric means that it cannot be
done by simply modifying the flat space theory by introducing a coupling with the metric. Indeed, the
connection of the NR theory in a curved background with its flat space counterpart appears shrouded
in mystery [1, 3, 5]. Over the last few years we have developed a new method which, apart from
other things, demystifies this aspect. Named as galilean gauge theory (GGT), it has been fruitfully
applied to a wide range of problems, reproducing existing results and also yielding new ones with
fresh insights [6, 7, 8]. Stripped of technicalities GGT answers the question, given a NR theory in
a flat background what would be the corresponding theory in a curved background. It is a simple,
systematic and compact algorithm that is universally applicable, and is trivially able to recover the
original galilean symmetry of the flat model, which has been a very thorny point in such analysis.
In this essay we give a self contained exposition of GGT, particularly since such a presentation is
lacking. Indeed, during its development, several technical issues had to be dealt with, which clouded
the physical aspects. In the next section we discuss the basic formalism which is followed by an explicit
example, the NR free particle in curved background [9].
2 Basic Formalism of Galilean Gauge Theory (GGT)
The action for a NR theory in flat space time is (quasi)invariant under the global galilean transfor-
mations,
xµ → xµ + ζµ; ζ0 = −ǫ, ζk = ωklx
l + ǫk − vkt (1)
along with appropriate transformations for the fields, where the various parameters associated with
translations, rotations and boosts are all constants.
In order to construct the corresponding action in a curved background we first gauge the galilean
symmetry by making the parameters local i.e. space time dependent. Now ωkl, the 3-dim rotation
parameters, ǫk, parameters for space translations and vk, the Galilean boosts, are taken to be space
time dependent. Finally, recalling the universal role of time in NR theory, the time translation
parameter ǫ is a function of time only.
The second step is to appropriately modify the action so that it is invariant under the local galilean
transformations. Obviously the original action is not invariant since the derivatives no longer transform
as they did earlier for global parameters. The trick is to replace the original ordinary derivatives by
‘covariant’ dervatives, introducing new fields. We now require that the covariant derivatives transform,
under local galilean transformations, in the same way as ordinary derivatives did under global galilean
transformations. This will also fix the transformations of the new fields. Now if a new action is written
replacing the ordinary derivatives in the old action by their covariant versions, it will be invarint under
the local galilean transformations.
The third step is to abstract a geometrical interpretation from the modified action. Observe that
once the galilean symmetry has been localised, it is necessary to introduce local coordinate bases at
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every point of space time which are trivially connected with the global coordinates 2,
eα = δαµe
µ (2)
at this stage. Later this connection will become nontrivial.
To see how this happens, consider the galilean transformations of derivatives that follow from (1),
δ
dx0
dλ
=
d
dλ
(δx0) = 0 ; δ
dxk
dλ
= wkj
dxj
dλ
− vk
dx0
dλ
(3)
as δx0 = −ǫ is constant. For achieving invariance under local galilean transformations, as already
stated, covariant derivatives ( D
dλ
) have to be introduced. The simplest possibility is a straightforward
extension of (2),
Dxα
dλ
=
dxµ
dλ
Λαµ (4)
Here λ is an arbitrary parameter. For Λαµ = δ
α
µ the covariant derivative reduces to the ordinary
derivative, mimicking (2). The meaning of the new variable Λ will soon become clear. From our
algorithm the transformations of covariant derivatives and ordinary derivatives must be form invariant,
so that, they also satisfy relations like (3). From these relations, using the local form of the galilean
transformations to compute the variations, we obtain the transformation law for the Λ variable,
δΛaν = −∂νζ
βΛaβ + ω
a
bΛ
b
ν − u
aΛ0ν ; δΛ
0
0
= ǫ˙Λ0
0
; Λ0i = 0 (5)
where the overdot on ǫ denotes a derivative with respect to λ. This shows that a geometric interpre-
tation is feasible for the Λ variables. From (5) we find that while the (local) indices a are Lorentz
rotated, the (global) indices ν are coordinate transformed. The local galilean transformation is now
interpreted as a NR general coordinate transformation and Λαν is regarded as the inverse vielbein
connecting the local and global basis in a curved space time. The vielbein Σ is defined as the inverse
of Λ. In a nutshell,
eˆµ = Λ
α
µ eˆα ; eˆ
µ = Σµαeˆ
α ; ΛαµΣ
µ
β = δ
α
β ; Λ
α
µΣ
ν
α = δ
ν
µ ; eˆ
µeˆµ = eˆ
αeˆα (6)
Thus the gauging of the galilean symmetry has led to a curved space generalisation of (2). Passage to
the flat limit from (6) is trivially obtained by replacing Σ and Λ by Kroneckar deltas, since there is
no difference between the local and global bases.
To further advance the geometrical interpretation, we show that combinations of the vielbeins
define the elements of Newton-Cartan NC geometry. These are given by,
hµν = Σa
µΣa
ν ; τµ = Λµ
0 = Θδ0µ ; hνρ = Λν
aΛρ
a ; τµ = Σ0
µ (7)
which satisfy the well known NC algebra,
hµντν = hµντ
ν = 0, τµτµ = 1, h
µνhνρ = δ
µ
ρ − τ
µτρ (8)
2Indices from the beginning of the alphabet (α, β, a, b, ..) denote local coordinates while global ones are indicated
from the middle of the alphabet (µ, ν, i, j, ..). Greek letters denote space time while nly space is indicated by Latin
alphabets
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Now comes the final step that yields the theory in the curved background. The theory obtained
by replacing ordinary derivatives by covariant derivatives will be invariant under the local galilean
transformations. It will involve the NC elements through the veilbeins. The final theory so obtained
is interpreted as the curved (NC) space generalisation of the original flat space theory. Let us work
out an example.
3 Non-relativistic free particle
The parametrized action for a NR free particle in 3 dimensional Euclidean space and absolute time is
given by,
S =
∫
1
2
m
dxa
dλ
dxa
dλ(
dx0
dλ
) dλ (9)
which is invariant under the global galilean transformations (1). After the gauging process, the new
action is obtained by replacing the ordinary derivatives by covariant derivatives. Hence it takes the
form,
S =
∫
1
2
m
Dxa
dλ
Dxa
dλ(
Dx0
dλ
) dλ (10)
This action has a nice geometrical interpretation. Using (4) and (7) it simplifies,
S =
(m
2
)∫
hνρ
x′νx′ρ
Θx′0
dλ =
(m
2
)∫
hνρ
x′νx′ρ
τσx′σ
dλ (11)
where a prime denotes an ordinary derivative with respect to λ. Note that it has been expressed in a
covariant form using the NC structures. The above action is therefore interpreted as the action for a
NR particle coupled to a NC background. The equation of motion obtained from here is the geodesic
equation with the standard Dautcourt connection. The flat space result (9) is reproduced by setting
h0µ = 0, hij = δij ,Θ = 1, following from (7).
4 Conclusions
So far we were confined to particle models where the coordinates are the ‘field’ variables. The same
recipe holds for an actual field theory. Then the galilean transformations (1) have to be augmented
by corresponding transformations on the field variables and their derivatives. Upon localisation, the
derivatives of fields will not transform covariantly. Covariant derivatives of fields have to be introduced
as shown here which transform formally under the local galilean transformations as ordinary derivatives
do under global ones. The new fields inducted by this gauging prescription contain, apart from the
veilbeins, other variables that gauge the (field) rotations and boosts. A modified action is written,
replacing the ordinary derivatives by covariant ones, which has a geometric interpretation, akin to the
particle model. Thus the method of galilean gauge theory (GGT) is a logical way of construting any
NR theory in a Newton Cartan background, starting from a given theory in flat space time.
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